Finiteness and constructibility in local analytic geometry by Garay, Mauricio D.
ar
X
iv
:m
at
h/
06
10
40
9v
2 
 [m
ath
.A
G]
  2
1 M
ay
 20
07
FINITENESS AND CONSTRUCTIBILITY IN
LOCAL ANALYTIC GEOMETRY
MAURICIO D. GARAY
Abstrat. Using the Houzel niteness theorem and theWhitney-Thom
stratiation theory, we show, in loal analyti geometry, that the diret
image sheaves of relatively onstrutible sheaves have oherent diret
images.
Introdution
In 1953, Cartan-Serre and Shwartz proved that the ohomology spaes of
a oherent analyti sheaf on a ompat omplex analyti manifold are nite
dimensional ([7, 35℄). In 1960, Grauert proved his diret image theorem stat-
ing that the diret images sheaves Rkf∗F , assoiated to a oherent analyti
sheaf F , are oherent provided that the holomorphi map f : X −→ S is
proper. It is only with the work of Forster-Knorr and of Kiehl-Verdier, that
a proof similar to the absolute one was done [11, 23℄ (see also [9, 27℄). Their
proof was simplied and generalised to more general sheaves by Houzel ([19℄).
The aim of this paper is to dedue from the Houzel theorem, a pratial ri-
terion for the oherene of diret image sheaves, lose in spirit to the works
[5, 6, 20, 34, 41℄. The main dierene of our approah is that, beause we
have in view appliations to singularity theory, we use the Whitney-Thom
theory of stratied sets and mapping, whih will onsequently oupy most
of the paper. One of the key results is the following theorem.
Theorem 1. Let f : (Cn, 0) −→ (Ck, 0) be a holomorphi map germ satisfy-
ing the af -ondition. The ohomology spaes H
p(K ·) assoiated to a omplex
of f -onstrutible OCn,0-oherent modules are f−1OCk ,0-oherent modules,
for any p ≥ 0. Moreover, the germ f admits representatives f : X −→ S
suh that the diret image sheaves are R
·f∗K· are OS-oherent and suh that
Hp(K ·) = (Rpf∗K·)0, for any p ≥ 0.
In the statement of the theorem K· is the omplex of oherent analyti
sheaves in X whose stalk at the origin is equal to K ·.
Here f -onstrutible means brewise onstrutible, a notion that we shall
arefully explain in the sequel. The representatives of the theorem are alled
Date: Original version Otober 2006, Revised May 2007.
Key words and phrases. Cartan-Serre theorem, Grauert's diret image theorem, Kiehl-
Verdier theorem.
2000 Mathematis Subjet Classiation: 32B05.
1
2 MAURICIO D. GARAY
standard representatives, they will be dened in Setion 1.3.
A partiular ase is when f denes an isolated singularity and the omplex
is the relative de Rham omplex. In partiular for hypersurfae singularities,
i.e. for k = 1, we get the Brieskorn oherene theorem ([5℄). The proof of
the theorem is indeed similar to that of Brieskorn.
Then, we will give a generalisation of this theorem whih is appliable for
instane to omplexes of modules over rings of pseudo-dierential operators.
As an illustration, we will give a simple proof of the algebrai form of the
Sato-Kashiwara-Kawai division theorem for pseudo-dierential operators due
to Boutet de Monvel.
The results of this paper might be well known to some speialists, but we
have thought that a paper giving an elementary presentation of the subjet
together with simple riteria, based on stratiation theory, of the abstrat
theorems might be of some use.
1. The finiteness theorem in the absolute ase
1.1. Statement of the theorem. Given a sheaf F in Cn, we denote by F0
its stalk at the origin. We denote by Br ⊂ Cn the losed ball of radius r
entred at the origin and by B˙r its interior. In the absolute ase Theorem 1
an be stated as follows.
Theorem 2. For any onstrutible omplex K· of oherent analyti sheaves
in Br ⊂ Cn, the ohomology spaes Hp(K ·),K · = K·0, are nite dimensional
vetor spaes, for any p ≥ 0. Moreover, for ε < r small enough, the anonial
mapping K·(Bε) −→ K·0 = K indues an isomorphism
Hp(K ·) ≈ Hp(Bε,K·),∀p ≥ 0
Here the onstrutibility of the omplex K· means that the ohomology
sheaves Hk(K·) are loally onstant on the stratum of some Whitney strati-
ation. The proof of this theorem is a simple variant of the original Cartan-
Serre-Shwartz proof. Although it is quite elementary, it ontains in essene
all the ingredients involved in the proofs of more elaborated results. We rst
give an example of appliation.
1.2. Finiteness of de Rham ohomology of an isolated singularity.
Consider the omplex Ω·X of Kähler dierentials on a Stein omplex variety
X ⊂ Cn. For instane, if X is a hypersurfae then the terms of the omplex
are ΩkX = Ω
k
Cn
/(df ∧Ωk−1
Cn
+ fΩk
Cn
), where f is a generator of the ideal of X,
the dierential of the omplex being indued by the de Rham dierential.
The Poinaré lemma states that at the smooth points of X the omplex
is a resolution of the onstant sheaf CX , therefore if X has isolated singu-
lar points the omplex is onstrutible. Applying Theorem 2, we get the
following result.
Proposition 1.1. If (X, 0) ⊂ (Cn, 0) is the germ of a variety with an iso-
lated singular point at the origin then the omplex of Kähler dierentials has
nite dimensional ohomology spaes.
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If X is a hypersurfae then, as onjetured by Brieskorn, these ohomology
spaes are all zero exept, possibly, for j = 0, n − 1, n ([36℄).
1.3. A small review on the Whitney Stratiation theory. A pair of
C∞ submanifolds U, V ⊂ Rk, dimV < dimU , satises theWhitney ondition
if the following property holds: for any pair of sequenes (xi), (yi) of the
submanifolds U and V both onverging to the same point, suh that:
(1) the sequenes of seants (xiyi) onverges to a line L,
(2) the sequene of spaes tangent to U at xi onverge to an ane sub-
spae A ⊂ Rk
then the line L is ontained in the ane subspae A.
Definition 1.1. A stratiation
⋃m
i=1Xi of a subset X ⊂ Rk by C∞ man-
ifolds is alled a Whitney stratiation if for any stratum Xj lying on the
losure of a stratum Xi the pair (Xi,Xj) satises the Whitney ondition.
These denitions are due to Whitney [42℄ (see also [12℄, Chapter 1). Whitney
proved the existene of suh a stratiation for any real semi-analyti subset,
onstrutive proofs were given in [28, 39℄. Topologial haraterisation of
Whitney stratiation were given in [38℄.
We shall say that two Whitney stratied sets interset transversally if their
strata interset pairwise transversally. We denote by Bε ⊂ Rk the losed
ball entred at the origin of radius ε. A diret onsequene of the denition
is the following.
Proposition 1.2. Let X ⊂ Rk be a Whitney stratied subset, then there
exists ε0 suh that the balls Bε, ε < ε0, interset X transversally.
Proof. If suh an ε0 does not exists then we an onstrut a sequene (xi)
lying on a stratum, suh that the ane spae Ti tangent to the stratum of
xi at the point xi is also tangent to the boundary of the ball B1/i of radius
1/i. In partiular the seant (Oxi) is perpendiular to Ti. This ontradits
the Whitney ondition. 
We say that a real vetor eld on a Whitney stratied set is stratied if its
ow is ontinuous and if the restrition of the vetor eld to eah stratum is
C∞. A typial example, in R3, of a stratied vetor eld is given by{
∂z +
x∂y−y∂x√
x2+y2
if (x, y) 6= (0, 0)
∂z otherwise
for the stratiation onsisting of the z-axis and its omplement.
A vetor eld will be alled tangent to a stratied variety if it is tangent
to all its strata. One of the main property of Whitney stratiations is the
following.
Theorem 3 ([42℄). Any C∞ vetor eld tangent to the stratum M of a point
x ∈ X of a Whitney stratied setX extends to a stratied vetor eld tangent
to the strata to whih M is adjaent.
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This theorem an also be dedued from [12℄, Chapter II, Corollary 2.7 (see
also Subsetion 2.1). It implies in partiular the germ of X at a point whih
belongs to a stratum of positive dimension is homeomorphi to the germ of
the produt of a stratied manifold by a real line.
Example 1.1. Consider the real singular surfae
S = {(x, y, z) ∈ R3 : xy(x+ y)(x− zy) = 0}.
Aording to the Whitney theorem, in a small neighbourhood of the point
(x, y, z) = (0, 0, 1), it is homeomorphi to the produt of four lines by R.
Dierent slies {z = constant} onsists of four lines having dierent ross-
ratios, thus the surfae is not loally dieomorphi to a produt.
1.4. Constrution of the ontration. We apply the previous onsider-
ation to C
n ≈ R2n with the stratiation given by a onstrutible omplex
of oherent analyti sheaves K· dened in a neighbourhood U ⊂ Cn of the
origin. Reall that the omplex is onstrutible means that there exists a
Whitney stratiation of the neighbourhood U suh that the ohomology
sheaves are loally onstant on eah stratum. Aording to Proposition 1.2,
we an nd a ball Bε0 ⊂ U suh that all strata in U are transverse to the
boundaries of the balls Bε for any ε < ε0.
The aim of this subsetion is to prove the following proposition.
Proposition 1.3. The restrition mappings r : K·(Bε) −→ K·(Bε′),
r′ : K·(Bε) −→ K·(B˙ε) are quasi-isomorphisms for any ε′ < ε < ε0.
We onsider only the ase of r, the other ase being perfetly similar.
It is obviously suient to prove the proposition for ε′ suiently lose to ε.
Lemma 1.1. For any ε < ε0, there exists a stratied vetor eld in Bε0 ⊂ Cn
everywhere transversal to the boundary of Bε.
Proof. Let M ⊂ Bε0 be the stratum of minimal dimension whih intersets
the ball Bε. Let d : Bε0 −→ R be the algebrai eulidean distane of a point
y ∈ Bε0 to Bε, that is, inside Bε it is the eulidean distane and outside Bε,
it is minus the eulidean distane.
We denote by θM the gradient vetor eld of d with respet to the metri
indued by C
n ≈ R2n on Bε0 . The vetor eld θM is a C∞ vetor eld
tangent to M and transversal to the intersetion of M with Bε.
By Theorem 3, the vetor eld θM extends to a stratied vetor eld θ in
Bε0 transversal to M ∩Bε0 . 
Lemma 1.2. The restrition mapping r : K·(Bε) −→ K·(Bε′) is a quasi-
isomorphism.
Proof. Denote by ϕ :]− δ, δ[×Bε −→ Bε the ow of the vetor eld θ where
δ is small enough so that it indues a map whih is a homeomorphism onto
a neighbourhood of the boundary of Bε as stratied sets:
]− δ, δ[×∂Bε −→ Bε, (t, x) 7→ ϕ(t, x).
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We hose ε′ lose enough to Bε so that the boundary of Bε′ is ontained in
the image of this map.
Chose an ayli overing U = (Ui) of Bε, its image U
′ = (U ′i), U
′
i = Ui∩Bε′,
is an ayli overing of Bε′ .
Consider the spetral sequenesEp,q0 (Bε) = Cp(U,Kq), Ep,q0 (Bε′) = Cp(U ′,Kq)
for the hyperohomology of the omplex K·. Here, as usual, C·(·) stands for
the eh resolution.
The map ϕ indues a homeomorphism between eah stratum in Ui and the
orresponding stratum in U ′i for eah i. As the ohomology sheaves are lo-
ally onstant on eah stratum, we have a group isomorphism Hq(K·)(Ui) ≈
Hq(K·)(U ′i) on eah small open subset Ui. Therefore, the restrition map-
ping indues an isomorphism between the E1-terms of the hyperohomology
spetral sequenes:
Ep,q1 (Bε) = Cp(U,Hq(K·)) ≈ Cp(U ′,Hq(K·)) = Ep,q1 (Bε′).
This shows that the hyperohomology spaes H
·(Bε,K·) and H·(Bε′ ,K·) are
isomorphi.
By Cartan's theorem B, for any p ≥ 0, we have the isomorphisms
H
p(Bε,K·) ≈ Hp(K·(Bε)), Hp(Bε′ ,K·) ≈ Hp(K·(Bε′)),
therefore the restrition mapping is a quasi-isomorphism. This proves the
lemma. 
1.5. A small review on Grothendiek's theory of topologial tensor
produts. The restrition mapping onstruted in the preeding subsetion
has the property to be nulear, a notion due to Grothendiek that we shall
now explain. We onsider only vetor spaes over the eld of omplex num-
bers.
A topologial vetor spae is alled loally onvex if its topology is gen-
erated by a set of ontinuous semi-norms (pn), n ∈ Ω, that is, the subsets
Vn,ε = {x ∈ E : pn(x) < ε} form a fundamental system of 0-neighbourhoods.
A loally onvex topologial vetor spae E is alled a Fréhet spae (or an
F -spae) if it is omplete and metrisable or equivalently when the topology
of E is generated by a ountable set of semi-norms.
Example 1.2. Consider the vetor spae OC(D) of holomorphi funtions
on the open disk. Eah ompat neighbourhood K ⊂ U denes a norm
‖f‖K = supx∈K |f(x)|. The neighbourhoods VK,ε = {f ; ‖f‖K < ε} form a
basis of neighbourhood of the origin whih indues a Fréhet spae struture
on the vetor spae OC(U). Indeed, onsider the sequene (Kn) of losed
disks of radius 1−1/n. The neighbourhoods VKn,ε form a ountable basis of
0-neighbourhoods in OC(D). There is no diulty in extending this example
to higher dimensions.
A subset of a loally onvex topologial vetor spae is alled bounded if all
semi-norms are bounded on it.
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The strong dual E′ of a topologial vetor spae E means the topologial
dual together with the topology indued by the semi-norms
pB(u) = sup
x∈B
|u(x)|
where B runs over the bounded subsets of E. For instane if E is Banah,
this is the topologial dual with the operator norm topology. These deni-
tions are standard [2℄.
Given two loally onvex spaes E,F , we denote by E⊗ˆF the set of ex-
pression of the type v =
∑
λixi ⊗ yi where the sequenes (xi) and (yi) are
bounded and
∑
i |λi| < ∞, it is alled the topologial tensor produt of the
two spaes.
Theorem 4 ([14, 15℄). The topologial tensor produt of two Fréhet spaes
is omplete and separated, thus it is also a Fréhet spae.
Theorem 5 ([14, 15℄). The topologial tensor produt of the strong dual of
a Fréhet spae with a Fréhet spae is omplete and separated.
A bounded linear mapping u : E −→ F between Fréhet spaes is alled nu-
lear if it lies in the image of the anonial (Kroneker) embedding E′⊗ˆF −→
L(E,F ). Nulear mappings are limits of nite range mappings, they are
therefore ompat.
Example 1.3. Take E = OC(D), F = OC(D′) where D,D′ are open disks
entred at the origin suh that the radius r of the disk D′ ⊂ C is stritly less
than that the radius R of D.
The restrition mapping ρ : OC(D) −→ OC(D′) is nulear. To see it, dene
the linear forms an
an : OC(D) −→ C, f 7→ 1
2ipi
∫
γ
f(z)
zn+1
dz
where γ is a path in D \D′ whih turns ounterlokwise around the origin.
We have the equality
ρ =
∑
n≥0
λnan ⊗ z
n
λn
, λ =
r
R
.
This shows that ρ is nulear. This result extends to arbitrary Stein neigh-
bourhoods [23℄ (see also [21℄).
Consider a oherent analyti sheaf F in Cn and take a presentation of this
sheaf
On1
Cn
−→ On0
Cn
−→ F −→ 0
This exat sequene indues a Fréhet struture on the vetor spae F(U)
for any Stein neighbourhood U ⊂ Cn. This struture is independent on the
hoie of the presentation [7℄ (see also [10℄, Proposition 4).
The proof of the following proposition is a generalisation of our previous
example.
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Proposition 1.4 ([7, 23℄). For any oherent analyti sheaf F in Cn and
any Stein neighbourhoods U,U ′ so that the losure of U ′ is a ompat subset
of U , the restrition mapping F(U) −→ F(U ′) is nulear.
1.6. The Shwartz perturbation theorem and the Houzel lemma.
The following theorem was proved by Shwartz for the more general ase of
ompat operators.
Theorem 6 ([35℄). Let f : E −→ F be a surjetive ontinuous linear mor-
phism between Fréhet spaes. For any nulear map u : E −→ F , the okernel
of the map f + u is of nite dimension.
Corollary 1.1 ([35℄). Let M ·, N · two omplexes of Fréhet spaes for whih
there exists a nulear quasi-isomorphism u : M · −→ N ·. Then, the ohomol-
ogy spaes of the omplexes are nite dimensional.
Proof. We apply Theorem 6 to the maps
fk : Mk ×Nk−1 −→ Nk, (α, β) 7→ u(α) + dβ.

The following result was proved by Houzel under muh more general assump-
tions, for a proof of this lemma we refer to Houzel's paper.
Lemma 1.3 ([19℄). Any nulear mapping u : E −→ E of a Fréhet spae to
itself an be written as u = u′+u′′ where u′ is of nite range, i.e. dim Imu′ <
+∞, and I + u′′ is invertible.
Remark that for Banah spaes the proof of the lemma is obvious. This
lemma implies the Shwartz perturbation theorem. Indeed, onsider rst
the ase where f is the identity mapping. Take u, u′, u′′ as in the lemma, as
the map I + u′′ is invertible, the map I + u = (I + u′′) + u′ has a okernel
of nite dimension.
Now, onsider an arbitrary surjetive map f : E −→ F . I assert that any
nulear mapping u fators through f by a nulear mapping:
E
u

@
@
@
@
@
@
@
v

E
f
// F
As u is nulear, we may write u =
∑
i>0 λiξi⊗yi where ξi and yi are bounded
sequenes,
∑
i>0 |λi| < +∞ and limi−→+∞ yi = 0.
As f is surjetive, the Banah open mapping theorem implies that there
exists a sequene (xi) onverging to zero in E whih lifts the sequene (yi),
that is, f(xi) = yi and lim
i−→+∞
xi = 0.
We dene the nulear map v by the formula v =
∑
i>0 λiξi ⊗ xi. The
map I + v and onsequently the map f ◦ (I + v) = f + u have a nite
dimensional okernel. This shows that the Shwartz perturbation theorem
is a onsequene of Lemma 1.3.
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1.7. Proof of Theorem 2. As the restrition mapping K·(B˙ε) −→ K·(B˙ε′)
is a nulear quasi-isomorphism (Proposition 1.3 and Proposition 1.4), Corol-
lary 1.1 applies. This shows that the ohomology spaes of the omplex
K·(B˙ε) are nite dimensional vetor spaes or equivalently that it is quasi-
isomorphi to a omplex L· of nite dimensional onstant sheaves Lk ≈ Cnk .
As K·(B˙ε) is quasi-isomorphi to K·(B˙ε′), we may onstrut an exhaustive
sequene of ompat neighbourhoods of the origin (Bεn) so that K·(B˙εn)
is quasi-isomorphi to K·(B˙εn+1). In the limit n −→ ∞, we get that the
omplex K · = K·0 is quasi-isomorphi to the stalk of the omplex L· at the
origin. This onludes the proof of the theorem in the absolute ase.
2. Relatively onstrutible sheaves
We explain the notion of f -onstrutibility introdued in Theorem 1.
2.1. A review on stratied mappings.
Definition 2.1. A ontinuous map between Whitney stratied topologi-
al spaes f : X −→ Y , X = ∪jXj , Y = ∪jYj is alled stratied if it
maps stratum into stratum, and if the restrition of f to eah stratum is a
submersion.
Definition 2.2. A stratied map f : X −→ Y, X ⊂ Rk, satises the ondi-
tion af if for any sequene of point (xi) in a stratum Xj onverging to a point
x in an adjaent stratum Xj′ , for whih the ane subspaes Ker df|Xj(xi)
onverge to a limit A ⊂ Rk, we have the inlusion Ker df|Xj′ (x) ⊂ A.
A map germ satises the af -ondition if it admits a stratied representative
satisfying the af -ondition. These denitions are due to Thom [40℄ (see
also [30℄). The following result is fundamental in the theory of stratied
mappings. It is a diret onsequene of [12℄, Chapter II, Theorem 2.6, the
proof being similar to that of [12℄, Chapter II, Theorem 3.2.
Theorem 7 ([40℄). Let f : X −→ S be a stratied mapping satisfying the
af -ondition. Let M be a stratum in the Whitney stratiation of X. Any
stratied vetor eld on M tangent to the bres of f|M extends to a stratied
vetor eld θ on the strata to whih M is adjaent, tangent to the bres of
the map f .
Definition 2.3 ([26℄). A standard representative f : X −→ S of a at holo-
morphi map germ f : (Cn, 0) −→ (Ck, 0) satisfying the af ondition is a
proper stratied representative suh that there exists another at holomor-
phi representative g : Y −→ S satisfying the following onditions:
(1) S is a losed polydisk ontaining the origin suh that the bres of
g¯ interset transversally the boundary of some ball Bε above S and
X = g−1(S) ∩ B˙ε,
(2) the bre g−1(0) is transverse to the boundary of the balls B′ε for any
ε′ ≤ ε.
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(3) the map g satises the af -ondition.
Remark that we abusively denote by the same letter the germ and a standard
representative of it.
2.2. Relative onstrutibility.
Definition 2.4. Consider a stratied map f : X −→ S satisfying the af
ondition. A sheaf F is alled f -onstrutible if the following ondition holds:
for eah point x ∈ X there exists a neighbourhood U inside the stratum of
x suh that
F|U ≈ f−1(f|U )∗F .
If f is the map to a point, a f -onstrutible sheaf is a onstrutible sheaf in
the usual sense.
Definition 2.5. Consider a stratied holomorphi mapping f : X −→ S,
X ⊂ Cn, S ⊂ Ck, satisfying the af ondition. A omplex (K·, δ) of OX -
oherent sheaves is alled f -onstrutible if its ohomology sheaves Hk(K·)
are f -onstrutible and if its dierential is f−1OS linear.
The notion of f -onstrutibility extends to germs: given a holomorphi map-
germ satisfying the af -ondition f : (X, 0) −→ (S, 0), a omplex (K ·, δ) of
OCn,0-oherent modules is alled f -onstrutible if there exists a standard
representative f : X −→ S and a omplex (K·, δ) of f -onstrutible OX -
oherent sheaves suh that K · is the stalk at the origin of the omplex K·.
2.3. The relative de Rham omplex. We give a simple example of rela-
tive onstrutibility: the relative de Rham omplex for an isolated singular-
ity.
We onsider the relative de Rham omplex Ω·f assoiated to a holomorphi
map f : X −→ S, X ⊂ Cn, S ⊂ Ck and assume that S is a smooth omplex
manifold ([16℄).
For instane if S = C then the omplex has terms Ωjf = Ω
j
X/Ω
j−1
X ∧ df and
the dierential is indued by the de Rham dierential. The dierential of
the omplex is obviously f−1OS linear:
pi(d(fα)) = pi(df ∧ α+ fdα) = pi(fdα)
where pi : Ω·X −→ Ω·f denotes the anonial projetion. A at holomorphi
map-germ f : (X, 0) −→ (Ck, 0) denes an isolated singularity if its speial
has an isolated singular point at the origin and if it satises the af -ondition.
Proposition 2.1. The relative de Rham omplex Ω·f assoiated to a at
holomorphi map-germ f : (X, 0) −→ (Ck, 0) dening an isolated singularity
is f -onstrutible.
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Proof. Take a standard representative f : X −→ S of the morphism. Con-
sider the stratiation onsisting of the smooth points of the morphism
(smooth points of the bres) and its omplement. Stratify the map f :
X −→ S by rening this stratiation. At a regular point of f , the impliit
funtion theorem shows that the relative de Rham omplex is a resolution of
the sheaf f−1OS (this statement is known as the relative Poinaré lemma).
As the singular set of the bres is either empty of nite, on eah bre, the
ohomology sheaves restrited to the other strata are onstant (any sheaf
restrited to a point is onstant). Therefore the relative de Rham omplex
is onstrutible. 
For non isolated singularities the situation if of ourse muh more deliate
as the de Rham omplex is not always onstrutible. Additional onditions
implying the onstrutibility have been given in [1, 32, 41℄.
The notions of Theorem 1 are now explained.
From Theorem 1 and Proposition 2.1, one dedues the following result.
Theorem 8. For any at holomorphi map germ f : (X, 0) −→ (Ck, 0)
dening an isolated singularity, the ohomology spaes Hp(Ω·f ) of the relative
de Rham omplex are f−1OCk ,0-oherent modules, for any p ≥ 0. Moreover,
for any standard representative f : X −→ S of the germ f , the sheaves
R
·f∗Ω
·
f are OS-oherent and the anonial map Ω·f (X) −→ Ω·f,0 indues an
isomorphism (Rpf∗Ωf )0 ≈ Hp(Ω·f,0).
If X is smooth and if the omponents of f dene a omplete intersetion,
these modules are all zero exept for p = 0,dimX − 1 ([5, 13, 29℄).
3. proof of Theorem 1
3.1. Constrution of the ontration. As we saw for the absolute ase,
the rst task is to onstrut a ontration. Let f : X −→ S be a standard
representative, X = Y ∩ B˙ε.
Proposition 3.1. For any standard representative f : X −→ S and any
ε′ < ε, the restrition mapping r : K·(X) −→ K·(X ′), X ′ = f−1(S) ∩ B˙ε′ is
a quasi-isomorphism.
Proof. LetM ⊂ Y be the stratum of minimal dimension whih intersets the
ball Bε; and denote by θM the gradient vetor eld of the distane funtion
to Bε restrited the bres of f|M .
By Theorem 7 the vetor eld θM extends to a stratied vetor eld θ tangent
to the bres of f , transversal to the boundary of X (beause of the af
ondition). Chose an ayli overing U = (Ui) of X, and take ε
′
suiently
lose to ε, so that the strata in U ′i = Ui ∩Bε′ are homeomorphi to those in
Ui.
As the omplex of sheaves is f -onstrutible and f(Ui) = f(U
′
i), we have
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vetor spae isomorphisms
Hq(K·)(Ui) ≈ (f|Ui)∗Hq(K·)f(Ui) ≈ Hq(K·)(U ′i)
on eah small open subset Ui. Consequently, the orresponding hyperoho-
mology spetral sequenes show that the restrition mapping r : K·(X) −→
K·(X ′) is a quasi-isomorphism for any ε′ < ε. 
3.2. Fréhet modules and nulear mappings. Let A be a Fréhet alge-
bra, that is a Fréhet vetor spae for whih the multipliation is ontinuous
and assoiative. We shall assume that the semi-norms dening the topology
also satisfy the inequalities pn(ab) ≤ pn(a)pn(b), ∀n ∈ N. In the paper of
Kiehl-Verdier this ondition is replaed by a more general ondition.
Let us be given two Fréhet spaes E,F whih are A-modules, that is, mod-
ules in the usual sense with the additional ondition that the multipliation
mapping is ontinuous.
The topologial tensor produt E⊗ˆAF is dened as the okernel of the map
(E⊗ˆCA⊗ˆCF ) −→ (E⊗ˆCF ),m⊗ a⊗ n −→ ma⊗ n−m⊗ an.
A bounded linear mapping u : E −→ F is alled A-nulear if it lies in the
image of the anonial (Kroneker) embedding E′⊗ˆAF −→ L(E,F ). Here
E′ is the strong dual of E. These denitions are due to Kiehl-Verdier ([23℄).
Example 3.1. Take A = OC(S), E = OC2(D × S), F = OC2(D′ × S) where
D,D′, S are disks entred at the origin in C suh that the respetive radius
R, r of the disks D,D′ ⊂ C are suh that R > r.
The restrition mapping ρ : OC2(D × S) −→ OC2(D′) is O(S)-nulear. In-
deed, let us dene the O(S)-linear forms an
an : OC2(D × S) −→ OC2(S), f 7→
1
2ipi
∫
γ
f(z)
zn+1
dz
where γ is a path in D \D′ turning ounter-lokwise around the origin. We
have
ρ =
∑
n≥0
λkan ⊗ z
n
λn
, λ =
r
R
.
This an also be seen diretly using the isomorphism
OC2(D × S) ≈ OC(D)⊗OC(S).
We saw that the restrition mapping
r : OC(D) −→ OC(D′)
is C-nulear, therefore by tensoring both sides by OC(S), we get an OC(S)-
nulear map.
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Following Kiehl-Verdier, we say that a map u : E −→ F between two A-
Fréhet algebras is A-quasinulear if there is a ommutative diagram
G
v

@
@
@
@
@
@
@
pi

E
u
// F
where pi is surjetive and v is A-nulear. The reason for onsidering this
notion is explained by the following proposition whih is a diret onsequene
of Proposition 1.4.
Proposition 3.2 ([23℄). For any oherent analyti sheaf F in Cn ×Ck and
any Stein neighbourhoods U,U ′ so that the losure of U ′ is a ompat subset
of U ⊂ Cn and any Stein neighbourhood S ⊂ Ck, the restrition mapping
F(U ×O(S)) −→ F(U ′ ×O(S)) is O(S)-quasinulear.
A loally onvex vetor spae E is alled nulear if any mapping from E to
a Banah spae is nulear.
Theorem 9 ([14, 15℄). The Fréhet spae of holomorphi funtions on a
polydisk is a nulear spae.
Kiehl and Verdier showed that the following theorem is a onsequene of
Grothendiek's haraterisation of nulear spaes (namely the oinidene of
the indutive topologial tensor produt with the projetive one).
Theorem 10 ([23℄). For any nulear Fréhet spae E, the funtor ⊗ˆCE is
an exat funtor from the ategory of Fréhet spaes to itself. Moreover, if
E is a free module over a nulear Fréhet algebra1A, then the funtor ⊗ˆAE
is also exat.
Corollary 3.1 ([19, 23℄). For any OCn+k -oherent sheaf F , any polyylin-
ders S, S′ ⊂ Ck, S′ ⊂ S, and any Stein open subset U ⊂ Cn, we have an
isomorphism of Fréhet modules over the ring OCk(S)
F(U × S)⊗ˆOCk(S′) ≈ F(U × S′).
3.3. Comparison of Kiehl-Verdier and Houzel's theorems. We now
formulate a speial ase of the Houzel theorem. First, we translate almost
literary the following theorems from their original papers the results of Kiehl-
Verdier and Houzel. Most of the notions introdued in both theorems will
not be used in this paper.
Theorem 11 ([23℄). Given a nulear hain (At, ϕt) of algebras and a quas-
inulear quasi-isomorphism between omplexes bounded from above
f · : N · −→M ·
1
That E is free means that it is isomorphi to a produt A⊗ˆCV where V is a nulear
LF -spae.
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suh that M · is transversal to At for all t's. M
n
and Nn are nulear for all
n. ϕt′t satises ondition B for all t
′ < t. Then there exists a omplex of
nite type free Aβ-modules, bounded from above, and a quasi-isomorphism
F · −→M ·.
The following theorem due to Houzel shows that most assumptions of the
Kiehl-Verdier theorem are superuous.
Theorem 12 ([19℄). Let A be a multipliatively onvex, omplete bornologial
algebra and let (M ·i) be a sequene of omplexes of omplete bornologial A
modules; let be given for 1 ≤ i ≤ r, a homomorphism of omplexes ui :
M ·i−1 −→M ·i (A-linear and bounded), and integers a, b ∈ Z, with a ≤ b.
We make the following assumptions
(1) for all i, Mni satises the homomorphism property for n ≥ a and is
zero for n ≥ b,
(2) for 1 ≤ i ≤ r, ui is a quasi-isomorphism (see [22℄) and is A-nulear
in degree ≥ a,
(3) r ≥ b− a+ 1.
Then the omplexes M ·i are a-pseudo-oherent (see [22℄).
We now dedue the Kiehl-Verdier from the Houzel theorem by reduing the
above theorem to some speial ase.
In our ase, we take r = 3, so that i = 0, 1, 2, and a = 0, b = 2, so that M2 is
zero, The omplex denoted N ·,M · in the Kiehl-Verdier theorem are denote
M ·0,M
·
1 in the formulation given by Houzel.
The Houzel theorem implies the following result
2
.
Theorem 13. Let A be a Fréhet algebra and M ·, N · two omplexes of
Fréhet spaes for whih there exists a quasinulear quasi-isomorphism u :
N · −→ M ·. Then, there exists a omplex of nite type A-modules quasi-
isomorphi to M · and N ·.
It is a remarkable fat that the proof of this result relies essentially on a
generalisation of Lemma 1.3 to Fréhet modules.
3.4. Proof of Theorem 1.
Lemma 3.1. The restrition mapping r : K·(X) −→ K·(X ′) is a OS(S)-
quasinulear quasi-isomorphism.
Proof. Reall that X is the intersetion of a Stein open neighbourhood with
some open ball Bε. Dene the omplex of sheaves K˜· in Bε × S by the
presheaf
K˜·(U × V ) = K·(U ∩ f−1(V )).
Both omplexes are isomorphi as omplexes of Fréhet sheaves. Moreover,
the restrition mapping K˜·(Bε × S) −→ K˜(Bε′ × S) is OS(S)-quasinulear
(Proposition 3.2). This proves the lemma. 
2
We slightly hanged the formulation by replaing nulear by quasinulear but this
does not hange anything in Houzel's proof, for obvious reasons.
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This lemma shows that Theorem 13 applies, therefore there exists a omplex
L· of free oherent OS-sheaves so that L·(S) is quasi-isomorphi to K·(X).
Lemma 3.2. The sheaf omplexes L·, f∗K·|X are quasi-isomorphi
Proof. A mapping u : M · −→ L· of omplexes indues a quasi-isomorphism
between two omplexes if and only if its mapping ylinder C ·(u) is exat.
We apply this fat to the mapping ylinder of the quasi-isomorphism
u : L·(S) −→ K·(X).
As the funtor ⊗ˆOS(P ) is exat for any polydisk P ⊂ S (Theorem 10), the
omplex C ·(u)⊗ˆOS(P ) is also exat.
Using Corollary 3.1, we get that C ·(u)⊗ˆOS(P ) is the mapping ylinder of
u′ : L·(P ) −→ K·(X ∩ f−1(P )). Therefore, the omplexes of sheaves L· and
f∗K·|X are quasi-isomorphi. This proves the lemma. 
I assert that the omplex K · = K·0 is quasi-isomorphi to the stalk of the
omplex L· at the origin.
Let (Bεn) be a fundamental sequene of neighbourhoods of the origin in C
n
,
so that their intersetion with the speial bre of f is transverse. As the
map f satises the af -ondition, we may nd a fundamental sequene (Sn)
of neighbourhoods of the origin in C
k
so that the bres of f interset Bεn
transversally above Sn.
Put Xn = f
−1(Sn), we have the isomorphism
L·|Sn ≈ f∗K·|Xn ≈ f∗K·|Xn∩Bεn .
The rst isomorphism is a onsequene of the previous lemma and the se-
ond one follows from the fat that the ontration is a quasi-isomorphism
(Proposition 3.1).
In the limit n −→∞, we get that the omplex K · = K·0 is quasi-isomorphi
to the omplex L·0. This onludes the proof of the theorem.
4. Finiteness theorem for oherent ind-analyti omplexes
4.1. The sheaves OX|Y . Let i : X −→ Y be the inlusion of a omplex
analyti manifold X into another omplex analyti manifold Y . The sheaf
i−1OY is denoted by OX|Y . If Y is of the form X × T , we denote simply by
OX|X×T the sheaf obtained from the inlusion of X × {0} in X × T . These
sheaves are frequently onsidered in miroloal analysis ([33℄).
The stalk of the sheaf OX|X×T at a point x0 is the spae of germs of holo-
morphi funtions in X × T at the point x = x0, t = 0.
It follows from Cartan's theorem A that the ring OX|X×T is oherent, that
is, the kernel of any map
OkX|X×T −→ OX|X×T
is nitely generated. Following Serre [37℄, we say that a sheaf F on a spae
X is OX|X×T -oherent or that it is a oherent ind-analyti sheaf, if it is the
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okernel of a morphism of OX|X×T -modules:
OpX|X×T −→ OnX|X×T −→ F −→ 0.
The notion of f -onstrutibility extends trivially to omplexes of OX|X×T -
oherent sheaves and to their stalks.
4.2. Topologial properties of the sheaves OX|Y . The sheaves OX|Y
are indutive limits of Fréhet spaes, alled LF -spaes. A notion that we
will now reall. Consider a set of ontinuous morphisms of Fréhet spaes to
a xed vetor spae ui : Ei −→ E, i ∈ Ω suh that
⋃
i∈Ω ui(Ei) = E. The
indutive limit topology T of the vetor spae E is dened by
U ∈ T ⇐⇒ ∀i ∈ Ω, u−1i (U) is open in Ei.
Suh topologial vetor spaes are loally onvex and bornologial, i.e., bounded
linear mappings oinide with ontinuous ones.
In ase the Ei's form an inreasing sequene of losed vetor subspaes in
E and the ui's are the inlusions, the resulting LF -spae is omplete and
satises the Banah theorem, that is, bounded surjetive linear mappings
are open ([8℄). In the general ase, LF -spaes are not always omplete but
if they are, then they satisfy the Banah theorem provided that the set Ω is
ountable ([24, 25℄).
The spae OCn(A) = lim−→OCn(U), A ⊂ U of holomorphi funtions restrited
to a ompat subset A ⊂ Cn is a LF -spae, for instane the germs at a point
of holomorphi funtions in C
n
form an LF -spae. This spae is omplete,
Montel and reexive ([17℄, Chapter 3, Proposition 5, Corollary 2 and Exam-
ple b).
In partiular, for any ompat neighbourhood A ⊂ X, the algebra OX|Y (A)
satises the assumptions of the Houzel theorem.
As indutive limits ommute with topologial tensor produts, the topolog-
ial vetor spae OX|Y (A) is nulear.
4.3. Loal niteness theorem. As the Houzel theorem applies for oher-
ent ind-analyti sheaves, the proof of the following theorem is exatly anal-
ogous to that of the analyti ase (from now on, we do no longer onsider
diret image sheaves as the onlusions are in all ases similar).
Theorem 14. Let f : (Cn, 0) −→ (Ck, 0) be a holomorphi map germ satisfy-
ing the af -ondition. The ohomology spaes H
p(K ·) assoiated to a omplex
of f -onstrutible OCn|Cn+N ,0-oherent modules are f−1OCk|Ck+N ,0-oherent
modules, for any p ≥ 0.
Let us denote byM the maximal ideal of the loal ring OCk,0. We identify Ck
to C
k ×{0} ⊂ Ck ×Cn, From the above theorem, one dedues the following
algebrai form of the division theorem due to Houzel and Serre.
Theorem 15 (([18℄). Any OCk+n,0-moduleM of nite type suh thatM/MM
is a nite dimensional C-vetor spae is itself an OCk ,0-module of nite type.
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Proof. Consider the omplex obtained from a projetive resolution of M :
K · : . . .
δ2
// On1
Ck+n,0
δ1
// On0
Ck+n,0
// 0 , H0(K ·) = On0
Ck+n,0
/Im δ1 ≈M.
This omplex gives a omplex K· of OX×T -sheaves whih support is an ana-
lyti variety V ⊂ X×T . HereX ⊂ Cn and T ⊂ Ck are small neighbourhoods
of the origin in C
n
and C
k
.
The dimension of M/MM is equal to the intersetion multipliity of V with
the ane subspae X × {0} = {(x, t), t = 0}. Assume that X and T are
small enough so that the variety V intersets the ane spae X × {0} only
at the origin. Then, the restrition of the omplex K· to X × {0} denes a
OX|X×T,0-oherent sheaf omplex in a neighbourhood of the origin X ⊂ Cn.
The ohomology of the omplex is supported at the origin, it is therefore
onstrutible. Theorem 1 implies that Hp(K ·) = M is a nite type module
over the ring OCk ,0 (here f is the mapping to a point). 
5. Finiteness theorem for non-ommutative sheaves
5.1. Statement of the theorem. We now give a generalisation of Theo-
rem 1 whih applies to non-ommutative algebras suh as algebras of pseudo-
dierential operators.
Given a holomorphi funtion f : X −→ S between open subsets X ⊂
C
n, S ⊂ Ck, we dene a ategory H(f).
The objets of the ategory H(f) are triples (K·,A,B) where A and B are
sheaves of LF -algebras in the losed neighbourhoods X and S, the om-
plex K· is an f -onstrutible sheaf omplex of oherent A-modules in X,
the sheaves f−1B ⊂ A are sheaves of subalgebras and the dierential of the
omplex is f−1B-linear.
A morphism between two objets is a ontinuous linear mapping between the
omplexes and the algebras without regarding the module and ring stru-
tures.
We say that a triple is f -holomorphi, if it onsists of a omplex of OX|X×T -
oherent sheaves with a f−1OS|S×T linear dierential, for some omplex
redued analyti spae T .
Holomorphi triples satisfy the assumption of the Houzel theorem and this
property is preserved under isomorphism, therefore we have the following
result.
Theorem 16. Assume that the funtion f : X −→ S satises the af -
ondition. For all triples (K·,A,B) ∈ H(f) isomorphi to an f -holomorphi
triple, the ohomology sheaves Hp(K·) are sheaves of oherent f−1B-modules,
for any p ≥ 0.
5.2. The Boutet de Monvel theorem. In [33℄, the authors proved that a
division theorem for pseudo-dierential operators. In [3℄, Boutet de Monvel
showed that this theorem admits an algebrai version (or rather a generali-
sation) similar to the Houzel-Serre formulation of the division theorem (see
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also [31℄, Chapter 3). We give a simple proof of this theorem based on the
absolute ase of Theorem 16.
Denote by E(0) the sheaf of analyti pseudo-dierential operator in T ∗Cn ≈
C
2n = {(q, p)} of order 0. Let E ′(0) be a subsheaf of operators whih de-
pend only on some of the variables, say q1, . . . , qj, p1, . . . , pk. We denote by
E0(0), E ′0(0) the stalks of the sheaves E(0), E ′(0) at the point x0 ∈ C2n with
oordinates q1 = · · · = qn = 0, p1 = 1, p2 = 0, . . . , pn = 0.
Theorem 17 ([3, 31℄). For any oherent left E0(0)-module M the following
assertions are equivalent
(1) the OCj+k−1,0-module M/∂−1q1 M is of nite type,
(2) the E ′0(0)-left module M is of nite type
Proof. Denote by X ≈ Cn−j × Ck−1 the vetor subspae of C2n dened by
the equations
q1 = · · · = qj = p2 = · · · = pk = 0.
The module M is the stalk at the point x0 = (0, . . . , 0, 1, 0, . . . , 0) of a sheaf
M of E0(0)-modules in T ∗Cn ≈ C2n.
Consider the omplex given by a resolution of M
K· : · · · δ2 // E(0)n1 δ1 // E(0)n0 // 0 , H0(K·) = E(0)n0/Im δ1 ≈M.
The support of M oinides with that of M/∂−1q1 M, it is therefore an ana-
lyti subvariety V ⊂ C2n [33℄ (see also [31℄, Proposition 4.2.0).
As the OCj+k−1,0-module M/∂−1q1 M is of nite type, in a suiently small
neighbourhood U of the origin, the variety V intersets the vetor spae
X only at the origin. Therefore the omplex K· restrited to X ∩ U is on-
strutible for the Whitney stratiation of X∩U onsisting of the origin and
its omplement. The restrition of the sheaf E(0) to the omplement of the
zero setion in T ∗Cn ≈ C2n is a sheaf of Fréhet algebras ([4℄); onsequently
Theorem 16 applies. This onludes the proof of the theorem. 
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